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Strong signatures of radiation reaction below the radiation-dominated regime
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The influence of radiation reaction (RR) on multiphoton Thomson scattering by an electron
colliding head-on with a strong laser beam is investigated in a new regime, in which the momentum
transferred on average to the electron by the laser pulse approximately compensates the one initially
prepared. This equilibrium is shown to be far more sensitive to the influence of RR than previously
studied scenarios. As a consequence RR can be experimentally investigated with currently available
laser systems and the underlying widely discussed theoretical equations become testable for the first
time.
PACS numbers: 41.60.-m, 42.65.Ky
An accelerated electric charge emits electromagnetic
radiation and, in turn, this emission modifies the mo-
tion of the charge itself. In classical electrodynamics the
Lorentz-Abraham-Dirac (LAD) equation is the covari-
ant equation of motion of a charge that accounts self-
consistently for the effects of radiation reaction (RR) as
an additional four-force [1] (see [2] for a recent review).
It is well known that the LAD equation presents physi-
cally unsatisfactory features like the existence of runaway
solutions in which the charge acceleration increases ex-
ponentially even without an external field or the viola-
tion of the causality principle. However, these problems
are not genuine in the realm of classical electrodynam-
ics. In fact, in the non-relativistic limit the RR force on
the charge is always much smaller than the Lorentz force
and this is also the case in the relativistic regime but
in the instantaneous rest frame of the charge [3, 4]. By
employing this property, one can consistently perform
a perturbative iteration in the RR terms in the LAD
equation and obtain the so-called Landau-Lifshitz (LL)
equation which is not plagued by the mentioned prob-
lems [3]. Recently, it has been shown that the solutions
of the LL equation cover the entire physical sub-manifold
of the solutions of the LAD equation [6, 7]. Noticeably,
unlike in the non-relativistic case, a regime can arise in
the ultra-relativistic case where the RR force in the LL
equation becomes comparable with the Lorentz force in
the laboratory frame, while being much smaller in the
instantaneous rest frame of the charge [3]. This is the so-
called radiation dominated regime (RDR) in which the
charge dynamics is significantly modified due to RR.
An experimental confirmation of the LL equation
(and of the LAD equation, as well) is still missing.
Presently available lasers produce intense electromag-
netic fields and can represent a unique tool to investi-
gate experimentally RR. Nowadays, the record intensity
of 2 × 1022 W/cm2 has been obtained [8] and the up-
coming petawatt lasers aim at intensities of the order of
1023 W/cm2 [9]. In the near future, intensities of the
order of 1024-1026 W/cm2 are envisaged at the Extreme-
Light-Infrastructure (ELI) [10].
The RDR in a laser field is determined by comparing
the energy loss of the charge in one laser period due to RR
with its initial energy [11]. For an electron (charge −e <
0 and mass m) with an initial Lorentz-factor γ0 colliding
head-on with a laser field with angular frequency ω0 and
electric field amplitude E0 the parameter characterizing
this regime reads
R =
2
3
α
ω0
m
γ0(1 + β0)ξ
2, (1)
and the RDR arises when R ≈ 1. Here, α = e2 is the fine-
structure constant, β0 =
√
γ2
0
− 1/γ0 and ξ = eE0/mω0
(units with ~ = c = 1 are used throughout).
In the present Letter we show that in the specific do-
main of parameters 2γ0 ' ξ a new radiation regime below
the RDR (R≪ 1) can be attained in which the impact of
RR on the electron motion and on the emission spectra is
qualitatively and quantitatively significant. This occurs
because in this regime the change of the electron momen-
tum along the laser propagation direction (longitudinal
momentum) due to RR in one laser period is of the order
of the longitudinal momentum itself in the laser field and
the electron, initially counterpropagating with the laser
beam, undergoes a reflection only due to RR. The con-
dition characterizing this regime for an ultra-relativistic
electron (γ0 ≫ 1) and a short, strong (ξ ≫ 1) laser pulse
is (see derivation below)
R &
4γ20 − ξ
2
2ξ2
> 0, (2)
which is much less restrictive than R ≈ 1 as it can also
hold at R ≪ 1 if 4γ2
0
≈ ξ2 (the requirement 4γ2
0
− ξ2 >
0 will be clarified below). The experimental feasibility
of this regime with an all-optical setup by employing a
laser system with an intensity of the same order of those
presently available is demonstrated in principle by means
of a realistic numerical example. This can represent the
first experimental test of the validity of the LL equation.
RR effects in Thomson scattering have been investi-
gated in [11] at R ∼ 1 and in [12, 13, 14] at R ≪ 1.
However, physical situations have solely been considered
2in which either ξ ≫ γ0 [13] or ξ ≪ γ0 [11, 12, 14] render-
ing condition (2) impossible to be fulfilled. As a result,
the effects of RR on the radiation spectrum [11, 12, 13],
on the electron trajectory [13] and on the temporal struc-
ture of the emitted radiation [14] are only quantitative
and rather small at R≪ 1.
The LL equation for an electron in the presence of
an external electromagnetic field Fµν(x) (x indicates the
four space-time coordinates, i. e. xµ = (t, r)) is [3]
m
duµ
ds
= −eFµνuν −
2
3
α
[
e
m
(∂αF
µν)uαuν
+
e2
m2
FµνFανu
α −
e2
m2
(Fανuν)(Fαλu
λ)uµ
]
.
(3)
Here s is the electron proper time, uµ = dxµ/ds
the electron four-velocity with metric gµν =
diag{+1,−1,−1,−1}, and the terms proportional
to α arise due to RR. For a qualitative investigation of
the new radiation regime characterized by the condition
(2), we first employ the exact analytical solution of
the LL equation in the presence of an arbitrary plane
wave [15]. If the electron has initial four-velocity
uµ
0
= γ0(1, 0,−β0, 0) and the plane wave propagates
along the positive y direction with linear polarization
along the z direction, central angular frequency ω0
(wavelength λ0 = 2π/ω0) and electric field amplitude
E0, the solution depends only on the laser phase
φ = ω0(t− y) and reads
uµ(φ) =
1
h(φ)


γ0 +
ω0
2mη0
[h2(φ) − 1 + ξ2I2(φ)]
0
−β0γ0 +
ω0
2mη0
[h2(φ)− 1 + ξ2I2(φ)]
−ξI(φ)

 .
(4)
In this expression η0 = ω0γ0(1 + β0)/m and
h(φ) = 1 +R
∫ φ
φ0
dζψ2(ζ), (5)
I(φ) =
∫ φ
φ0
dζ
[
h(ζ)ψ(ζ) +
R
ξ2
dψ(ζ)
dζ
]
, (6)
where φ0 is the initial phase at which u
µ(φ0) = u
µ
0
and
the function ψ(φ) is defined through the plane wave elec-
tric field E(φ) as E(φ) = E0ψ(φ)zˆ. The terms due to RR
in the solution (4)-(6) scale with the parameter R given
in Eq. (1). Therefore, one is led to think that in order
to have significant effects of RR, one has to consider the
R ≈ 1 regime. However, Eqs. (4)-(6) indicate that even
if R ≪ 1 there are situations in which the longitudinal
velocity of the electron (the y component) can change
sign only if RR effects are taken into account. From a
mathematical point of view this is the case essentially be-
cause the function h(φ) (that is also contained in I(φ))
is larger when the RR terms are included. In turn, this
has also a clear physical interpretation: in the presence
of RR the electron constantly looses energy due to elec-
tromagnetic radiation and then it is more easily reflected
when traveling through the laser field. In order to give a
qualitative condition for the electron being reflected only
in the presence of RR, we consider the relevant situation
where γ0, ξ ≫ 1 and the pulse length is not much larger
than the laser period. We can separate the terms arising
from RR from those present also in the absence of RR in
the functions h(φ) and I(φ) as: h(φ) = 1 + Rf(φ) with
f(φ) =
∫ φ
φ0
dζψ2(ζ) ∼ 1 and I(φ) ≈ I0(φ) + Rg(φ) with
I0(φ) =
∫ φ
φ0
dζψ(ζ) ∼ 1 and g(φ) =
∫ φ
φ0
dζf(ζ)ψ(ζ) ∼ 1.
By assuming that R ≪ 1, the condition uy(φ) > 0 reads
2Rξ2g(φ) > 4γ20−ξ
2I20 (φ) > 0 which, more qualitatively,
gives Eq. (2). A more intuitive way of obtaining this
equation is to require the variation of the longitudinal
momentum of the electron in one laser period, estimated
as mR from Eq. (3), to be comparable with the longitu-
dinal momentum itself in the laser field. Note that the
condition 4γ2
0
− ξ2I2
0
(φ) > 0 ensures that the electron is
not reflected without RR. Since the electron is assumed
to be ultrarelativistic, it will emit mainly along its veloc-
ity [3]. Therefore, by considering spherical coordinates
(r, ϑ, ϕ) with the y axis as the polar axis, we can predict
that in the present regime the electron emits almost en-
tirely for ϑ ≥ 90◦ in the absence of RR while it also emits
significantly at ϑ < 90◦ in the presence of RR.
In order to support our theoretical predictions in the
simplified situation discussed above, we consider below
the more realistic situation in which the electron is driven
by a focused laser field with the above employed am-
plitude E0 and central angular frequency ω0 and with
spot radius σ0. The laser beam has been modeled as a
Gaussian paraxial beam up to terms linear in the small
parameter ǫ = λ0/πσ0, i. e. including the longitudi-
nal electric and magnetic fields (see, e. g., Eqs. (1)-
(9) in [16]), with a sin2-time envelope. We consider an
electron with an initial energy of 40 MeV and a Ti-
Sapphire laser field with ω0 = 1.55 eV, an intensity of
I0 = 5 × 10
22 W/cm2 (ξ ≈ 150), a pulse duration of
27 fs and σ0 = 2.5 µm (ǫ = 0.1). The laser spot is
centered in the coordinates’ origin which coincides with
the initial electron position. We have ensured that all
the conditions concerning the validity of classical elec-
trodynamics and of Eq. (3) are fulfilled with the above
numerical parameters. In Fig. 1 we show the electron
trajectory calculated with the above parameters and (a))
by removing and (b)) by keeping the RR terms in Eq.
(3). As expected, in the presence of RR the electron
has a positive longitudinal velocity for a significant por-
tion of the trajectory (indicated in red (gray) in Fig. 1
b)). Since the electron is ultra-relativistic, the fact that
its velocity also points to directions with ϑ < 90◦ has
a significant impact on the angular distribution of the
emitted radiation. We have calculated the angle resolved
spectral energy dW/dωdΩ with dΩ = sinϑdϑdϕ at differ-
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FIG. 1: The electron trajectories in units of the laser wave-
length λ0 calculated (a)) by removing and (b)) by keeping the
RR terms in Eq. (3). The initial electron energy is 40 MeV,
the laser field intensity I0 = 5× 10
22 W/cm2, the wavelength
λ0 = 0.8 µm, the pulse duration 27 fs and the waist size
σ0 = 2.5 µm. The red (gray) portions of the trajectory are
those in which the longitudinal velocity of the electron is pos-
itive.
ent angles ϑ and at ϕ = 0 and ϕ = 180◦ (corresponding
to the y-z plane where the electron mainly moves) by
employing Eq. (14.60) in [17]. The results in the re-
gion ϕ = 180◦ and ϑ ∈ [70◦, 110◦] without and with
RR are shown in Fig. 2 a) and b), respectively. We fo-
cus only on this angular region because in both cases at
smaller ϑ there is no significant emission and at larger ϑ
the spectra are similar to those at ϑ > 90◦. The black
lines indicate the cutoff position ωc/ω0 at each observa-
tion angle which is estimated by using the well-known
expression ωc/ω0 ≈ max
i
{3γ3(ti)/ρ(ti)} = 3γ
3(tc)/ρ(tc)
[17], where ρ(t) is the curvature of the trajectory as a
function of time and ti are the values of time at which
the electron velocity points along the observation direc-
tion. We note from the figure that the estimated cutoff
is in qualitatively good agreement with the numerical re-
sults. At angles ϑ > 90◦ the spectra with and without
RR are qualitatively similar, the main differences being,
as expected, a lower overall amplitude and a lower cut-
off position in the case in which RR effects are included.
However, in the other angular region ϑ < 90◦, there is
essentially no emission without RR while with RR the
emission extends significantly down to ϑ ≈ 75◦. As an
example we consider the case ϑ = 80◦ and we indicate as
Ω0 the direction with ϑ = 80
◦ and ϕ = 180◦. Only a few
tenths of harmonics are emitted without RR with a peak
amplitude of the order of 10−2 sr−1 (not shown in Fig.
2), while harmonics up to a few million are significantly
emitted (dW/dωdΩ ∼ 102 sr−1) with RR, corresponding
to energies ω of the order of MeV. Finally, it is worth
stressing that in the present numerical example the pa-
rameter R is very small: R = 5 × 10−2. Therefore, as
already mentioned, we are far below the RDR.
For the sake of a measurable photon yield, an electron
beam should be employed in an experimental implemen-
tation rather than a single electron. Therefore, the possi-
ble influence of multi-particle effects should be estimated.
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FIG. 2: Angle resolved spectral energy dW/dωdΩ in sr−1
emitted by the electron at ϕ = 180◦ without (a)) and with
(b)) RR. The electron and the laser field parameters are the
same as in Fig. 1.
Laser-plasma accelerators (LPAs) [18] can provide elec-
tron beams with energies of the order of 40 MeV like
those required here and are very suitable in the present
situation. They allow for an all-optical setup and a very
good beam-beam overlapping as the dimensions of the
electron beams generated by LPAs are of the same or-
der as those of the strong laser beam. On one hand,
the maximal value of the space-charge force can be esti-
mated as FC ∼ 2παnw0, with electron density n and
beam waist size w0 ∼ σ0, while the RR force yields
FR ∼ α
2γ2E20/m
2. Since the beams obtained with LPAs
contain up to 109 electrons [19], by assuming a volume
of the electron beam of about 1000 µm3, we obtain that
the space-charge field is negligible with respect to the
RR force as FC/FR ∼ 10
−3. On the other hand, in
the relevant part of the energy spectrum (ω/ω0 > 10
5),
the wavelengths (λ < 10−2 nm) are much less than the
mean distance between the electrons in the beam which
is about 10 nm. Consequently, the collective effects in
the radiation are not significant and different electrons
in the beam contribute incoherently to this part of the
spectrum. Further, we investigate the effect of incoherent
averaging of the radiation spectrum over the initial condi-
tions of the electron. The variation of the initial electron
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FIG. 3: Maximum value of the angle resolved spectral energy
along Ω0 with RR as a function of the initial electron coordi-
nate y0 (continuous line) and z0 (dotted line). The electron
and the laser field parameters are the same as in Fig. 1.
coordinate along the x direction within the beam waist
size causes a slight modification of the direction of main
emission along ϕ without a significant decrease in inten-
sity. In addition, changing the initial position along the
laser propagation direction (y) or the laser polarization
direction (z) can alter significantly the electron trajec-
tory. As an example, in Fig. 3 we show the maximum
value of the electron spectrum with RR emitted along
Ω0, as a function of y0 (continuous line) and of z0 (dot-
ted line). We observe that the reduction of the spectral
amplitude is not significant when the variation of the co-
ordinate along the y-axis is less than 0.5 µm and along
the z-axis less than 0.5-1 µm. We have not considered
the case y0 < 0 which implies the electron to be initially
already in the laser beam. The asymmetry in the case of
z0 depends on the carrier envelope phase (CEP) of the
laser pulse but the electron reflection with RR occurs in-
dependently of the CEP of the laser beam. Moreover,
we have ensured that the energy spread (∼ 1 %) and
the beam divergence (∼ 5 mrad) attainable by LPAs [19]
do not modify the electron trajectory significantly. Also,
a change in the laser intensity of ±10 % accounting for
experimental uncertaincies [8] results into a shift of the
minimum angle of emission of about ∓5◦ both with and
without RR that does not affect our conclusions.
Finally, by integrating the electron spectrum in Fig.
2 b) with respect to ω at ϑ = 80◦, and by estimating
∆Ω ∼ 1/γ(tc) ≈ 7 × 10
−3 sr we find that a total energy
of about 1.9 MeV is emitted along Ω0. Since the max-
imum emission is at 1.3 MeV, we expect approximately
per shot one photon to be emitted along Ω0. Germanium
detectors are suitable for this energy range and nowadays
they reach an efficiency of about 10−3 [20]. Moreover,
from the analysis in Fig. 3 we can roughly estimate that
in this case 1 % of the electrons in the bunch will con-
tribute to the considered effect. Therefore, by employing
an electron beam with 109 electrons we would expect
about 104 photons registered per shot.
In conclusion, we have demonstrated that RR as pre-
dicted by the LL equation can have a dramatic impact
on the electron spectra even if the RR parameter R is
much smaller than unity. This result has been obtained
in a new physical regime in which the electron is tem-
porarily reflected due to RR when it travels through a
laser beam. We have shown that the effect predicted is
measurable in principle by employing presently available
detection systems and electron beams together with laser
systems with intensities a little larger but of the same or-
der than those already available. This could result in the
first experimental test of the LL equation.
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